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ON DEFORMATIONS OF FANO THREEFOLDS WITH 
TERMINAL SINGULARITIES 

TARO SANO 



Abstract. We study the deformation theory of a Q-Fano 3-fold with only terminal singu- 
Q I larities. First, we show that the Kuranishi space of a Q-Fano 3-fold is smooth. Second, we 

show that every Q-Fano 3- fold with only "ordinary" terminal singularities is Q-smoothable, 
that is, it can be deformed to a Q-Fano 3-fold with only quotient singularities. Finally, we 
^T ■ prove Q-smoothability of a Q-Fano 3-fold assuming the existence of a Du Val anticanonical 

element. As an application, we get the genus bound for primary Q-Fano 3- folds with Du 
Val anticanonical elements. 
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1. Introduction 
All algebraic varieties in this paper are defined over C. 
1.1. Background and our results. 
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Definition 1.1. Let A be a normal projective variety. We say that A is a Q-Fano 3-fold 
if dim A = 3, A has only terminal singularities and —Kx is an ample Q-Cartier divisor. 
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2 TARO SANO 

Q-Fano 3-folds are important objects in the classification of algebraic varieties. Toward 
the classification of Q-Fano 3-folds, it is fundamental to study their deformations. 

Definition 1.2. Let X be an algebraic variety and A^ an open unit disc of dimension 1. 
A Q-smoothing of X is a flat morphism of complex analytic spaces / : A" — )■ A^ such that 
/~^(0) ~ X and f^^it) has only quotient singularities of codimension at least 3. 
If X is proper, we assume that / is a proper morphism. 

Remark 1.3. Schlessinger [2B] proved that an isolated quotient singularity of dimension > 3 
is infinitesimally rigid under small deformations. 

Reid ([21], [25]) and Mori [TJ] showed that a 3-dimensional terminal singularity can be 
written as a quotient of an isolated cDV hypersurface singularity by a finite cyclic group 
action and it admits a Q-smoothing. 

In general, a local deformation may not lift to a global deformation. However, Altmok- 
Brown-Reid conjectured the following in [2J 4.8.3. 

Conjecture 1.4. Let X be a Q-Fano 3-fold. Then X has a Q-smoothing. 

The following theorem is an answer to their question in the "ordinary" case. 

Theorem 1.5. Let X be a Q-Fano 3-fold with only ordinary terminal singularities (See 
Remark \1.6\) . Then X has a Q-smoothing. 

We prove a more general statement in Theorem 13.21 that implies Theorem II. 5[ 

Remark 1.6. A 3-dimensional terminal singularity is called orc^mary if the defining equation 
of its index 1 cover is Z^-invariant, where Z^ is the Galois group of the cover. In the list 
of 3-dimensional terminal singularities, there are 5 families of ordinary singularities and 1 
exceptional iamilj of Gorenstein index 4 (See [15] Theorem 12 (2) or [25] (6.1) Figure (2)). 

Previously, Namikawa [I8] proved that a Fano 3-fold with only terminal Gorenstein singu- 
larities admits a smoothing, that is, it can be deformed to a smooth Fano 3-fold. Minagawa 
[T3] proved Q-smoothability of a Q-Fano 3-fold of Fano index one, that is, it has a global 
index one cover. Takagi also treated some cases in [30] Theorem 2.1. Note that the singu- 
larities on a Q-Fano 3-fold in their cases are ordinary. 

In order to prove the Q-smoothablity, we need the following theorem on the unobstruct- 
edness of deformations of a Q-Fano 3-fold. 

Theorem 1.7. Let X be a Q-Fano 3-fold. Then the deformations of X are unobstructed. 



Namikawa [18] proved the unobstructedness in the Gorenstein case and Minagawa [13] 
proved it for a Q-Fano 3-fold of Fano index one. We show it for any Q-Fano 3-fold. This 
theorem reduces the problem of finding good deformations to that of 1st order infinitesimal 
deformations. 

Another fundamental problem in the classification of Q-Fano 3-folds is to find anticanoni- 
cal elements with only mild singularities. An anticanonical element is called an elephant. A 
Gorenstein Fano 3-fold with only canonical singularities has an elephant with only Du Val 
singularities ( [25] . [25]). By using this fact, Mukai classified "indecomposable" Gorenstein 
Fano 3-folds with canonical singularities in [16]. Hence the existence of a Du Val elephant 
is useful in the classification. However a Q-Fano 3-fold may not have such an good element 
in general. There exist examples of Q-Fano 3-folds with empty anticanonical linear systems 



DEFORMATIONS OF Q-FANO 3-FOLDS 3 

or with only non Du Val elephants as in |2] 4.8.3. Nevertheless, Altmok-Brown-Reid [2] 
conjectured the following. 

Conjecture 1.8. Let X be a Q-Fano 3-fold. Assume that \—Kx\ contains an element D. 

(1) Then there exists a deformation f : X ^ A^ of X such that \—Kxt\ contains an 
element Dt with only Du Val singularities for general t G A^. 

(2) Moreover, a divisor Dt C Xt is locally isomorphic to -{a,r — a) C -(l,a, r — a), where 
both sides are corresponding cyclic quotient singularities for some coprime integers 
r and a around each Du Val singularities of Dt. 

We call a deformation as above a simultaneous Q-smoothing of a pair {X, D). If we first 
assume the existence of a Du Val elephant, we get the following result. 

Theorem 1.9. Let X be a Q-Fano 3-fold. Assume that \—Kx\ contains an element D with 
only Du Val singularities. 

Then X has a simultaneous Q-smoothing. In particular, X has a Q-smoothing. 

Note that we do not need the assumption of ordinary singularities as in Theorem 11.51 The 
motivation of Conjecture 11.81 is to treat a Q-Fano 3-fold with only non Du Val elephants. 
We investigate this case in elsewhere. 

A Q-Fano 3-fold is called primary if its canonical divisor generates the class group mod 
torsion elements. Takagi [29] studied primary Q-Fano 3-folds with only terminal quotient 
singularities and established the genus bound for those with Du Val elephants. Hence 
Theorems II. 51 and ll. 91 are useful for the classification. Actually, as an application of Theorem 
11.91 we can reprove his bound as follows. 

Corollary 1.10. Let X be a primary Q-Fano 3-fold. Assume that X is non-Gorenstein 
and \-~Kx\ contains an element with only Du Val singularities. 
Thenh%X,-Kx) < 10. 

Takagi expected the existence of a Du Val elephant for X such that h^{X, —Kx) is 
appropriately big ([2S1 P-37]). If we assume the expectation. Corollary 11.101 implies the 
genus bound as above for every primary Q-Fano 3-fold. 

1.2. Outline of the proofs. We sketch the proof of the above theorems on a Q-Fano 3-fold 
X. 

First, we explain how to prove the unobstructedness briefly. If X is Gorenstein, we have 

Ext2(fi^, Ox) ^ Ext\n]^ ® ujx, uJx) ^ H\X, fi^ ® oox)* 

since ux is invertible and the unobstructedness is reduced to the Kodaira-Nakano type 
vanishing of the cohomology. However, if X is non-Gorenstein, that is, ux is not invertible, 
we can not reduce the vanishing of the Ext group to the vanishing of cohomology groups a 
priori and we do not have a direct method to prove the vanishing of the Ext group. Moreover, 
since we do not have a branched cover of a Q-Fano 3-fold which is Fano or Calabi-Yau in 
the general case, we can not reduce the unobstructedness to that of such cover. We solve 
this difficulty by considering the obstruction classes rather than the ambient obstruction 
space Ext^ and considering the smooth part. The important point is that deformations of 
X are bijective to deformations of the smooth part as in [TT] 12.1.8 or [10] Theorem 12. The 
description of the obstruction by a 2-term extension as in Proposition 12.31 is a crucial tool. 
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In order to find a good deformation of first order, we follow the line of the proof in the case 
of Fano index 1 by Minagawa [13j which used [19j Theorem 1 of Namikawa-Steenbrink on the 
non- vanishing of the homomorphism between cohomology groups. We need a generalisation 
of this theorem to the non-Gorenstein setting which is Proposition 13.11 We can generalise 
this lemma provided that the singularity is ordinary. The generalisation of this lemma for 
general terminal singularities implies Conjecture 11.41 

Now, in order to find a good deformation of first order under the assumption of a Du 
Val elephant, we use the deformation theory of the pair of X and D where D G |— -ft'xi- 
The smoothness of the Kuranishi space of X implies that the smoothness of the Kuranishi 
space of the pair {X,D) for D G |— -ft^xl (Theorem I2.10p . Here we adapt the diagram of 
[T9] Theorem 1.3 to the case {X, D). Instead of the Namikawa-Steenbrink's proposition [ 19] 
Theorem 1.1 on non- vanishing of a certain cohomology map, we use the coboundary map of 
the local cohomology sequence for the pair. To use such a map, we arrange a resolution of 
singularities of the pair which has non-positive discrepancies as in Proposition 14.11 Moreover 
we refine the Lefschetz theorem for class groups by Ravindra-Srinivas [21J for our cases and 
this Lefschetz statement plays an important role for lifting. 

2. Unobstructedness of deformations of a Q-Fano 3-fold 

2.1. Preliminaries on infinitesimal deformations. Let X be an algebraic scheme over 
an algebraically closed field k. Let A be the category of local Artinian /c-algebras with 
residue field k. For A & A, set 

Defx(^) '■= {f '■ f^ — ;• Spec A | / is a deformation of X over A}/isomorphism. 

Then it defines a functor 

Defx: A^ (Sets). 

Definition 2.1. We say that deformations of X are unobstructed if, for all A,A'eA with 
an exact sequence 

such that m^/ -7 = 0, the natural restriction map of deformations 

Defx(A') -^ Defx(A) 
is surjective, that is, Defx is a smooth functor. 

Proposition 2.2. Let X he an algebraic scheme with a versal formal couple {R,u) in the 
sense of Definition 2.2.6 in [27]. Set A^ := A;[t]/(t™+^) for all integers m> 0. Assume that 

BeixiAn+i) ^BeixiAn) 

are surjective for all non-negative integers n > 0. 
Then deformations of X are unobstructed. 

Proof. For A & A, let HrIA) be the set of local fc- algebra homomorphisms from R to A. 
This rule defines a functor 

Hr: A^ (Sets). 
Since {R, u) is versal, we have a smooth morphism of functors 

0^ : Hr^ Def X 
defined by u. 
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Then we can see that 

hniAn+i) -^ hR{An) 
are surjective for all n by the assumption and the versality. 

By Lemma 5.6 in \^ and the assumption, we can see that hn is a smooth functor. This 
implies that Defx is smooth. D 

We need the following description of the obstruction space for deformations. 

Proposition 2.3. Let k be an algebraically closed field of characteristic 0. Let X be a re- 
duced scheme of finite type over k. Let U G X be an open subset with only l.c.i. singularities 
and l: U ^ X an inclusion map. Assume that depth Ox,p > 3 for all scheme theoretic point 
p E X\U . Let Vl\j be the Kdhler differential sheaf on U . Set An '■= k[t]/{t"'~^^) and let 

in ■= {fn- ^n "> SpeC v4„) 

be a deformation of X. 

Then the obstruction to lift X^ over A„+i lies in Ext^(i7^, Ou). 

Proof. We need to define an element 

05„GExt2(l]^,0^) 

which has a property that o^^ = if and only if there is a deformation ^„_|.i = (/„+i : Xn+i — )■ 
SpecA^+i) which sits in the following cartesian diagram; 

(1) '^n+l ■* '^n 



Spec An+i < Spec An. 

Since the characteristic of k is zero, we have 

as A^-modules and an exact sequence 

-> (r+i) 4 n\^^^/, ®A„^, An ^ n\^/, -> o. 

Let /iY„ : Un — > SpecA^ be the flat deformation of U induced by /„. By pulhng back the 
above sequence by the flat morphism fu^, we get the following exact sequence; 

(2) -)■ C(7 -)■ /i}„(f^SpecA„+i/fclspecA„) -^ fu„^SpecA„/k ~^ 0- 

Then, there is the relative cotagent sequence of a relative l.c.i. morphism fu^ (cf. 
Theorem D.2.8); 

(3) -^ fun^pecAn/k -^ ^Un/k "^ ^W„/SpecA„ "^ 0. 

By combining the sequences (|2]), (|3]), we get the following exact sequence; 

(4) -)■ 0[/ -^ /w„(^SpccA„+i/fc|spocA„) -> ^Un/k -^ ^U„/ Spec An ^ 0- 

Let 

o^„ e Exe{Qlj,Ou) ^ Ext2(fi^„/sp,,^„,0^) 

be the element corresponding to the exact sequence @. 
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We check that this og„ is the obstruction to the existence of hfting of ^n over An+i- 
Suppose that we have a hfting ,^„+i = {fn+i'- '^n+i — ^ SpecA^+i) with the diagram ([1]). 
Then we can see that o^^ = as in Proposition 2.4.8 in |27] . 

Conversely, suppose that o^„ = 0. Consider the following exact sequence 

Ext\nl^/„Ou) 4 Ext\f;:^ys,ecA„/k,Ou) 4 Ext2(fi^„/SpeeA„,C?^) 

which is induced by the exact sequence ([2])- Consider 

ieExt\fZQl^^^^/„Ou) 

which corresponds to the exact sequence ([2]). It is easy to see that 5 (7) = o^„. Hence there 
exists 7' G Ext^ {Qli^,f^,Ou) such that 6(7') = 7. The class 7' corresponds to the following 
short exact sequence 

for some coherent sheaf £ on W„. We can construct a sheaf of A„-algebras Cw„+i by Ou^+i '■ = 
£ Xqi Oun as in Theorem 1.1.10 in [27] with an exact sequence of sheaves of A^-algebras 

(5) O^Ou-^ Ou,,^, -^ Ou„ ^ 0. 

Set Ox„+, := ^*Ou„+,. 

We need the following claim. 

Claim 2.4. (i) Rh,Ou = 0. 

(ii) Let M be a finite y4„-module. Then 

where M is a coherent sheaf on Spec An associated to M. 

Proof of Claim, (i) Let p & X \ U he a point and Up a small affine neighbourhood of p. 

Put Zp := Upn{X\ U). It is enough to show that H^{Up \ Zp,Ou^\z^) = 0. We have 

iff {Up,Ou^) = since depth^ Cx,q > 3 for all scheme-theoretic point q E Zp hj the 

hypothesis. Since H%Up, Ou^) = for i = 1, 2, we have H^{Up \ Zp, Ou^) ~ Hl^{Up, Ou^) = 

0. 

(ii) We proceed by induction on dim^ M. 

If M ~ fc, then this is the first claim. 

Now assume that there is an exact sequence 

of A^-modules and the claim holds for M'. Then we have an exact sequence 

and the left and right hand sides are zero by the induction hypothesis. Hence R^L^{f^ M) = 
0. " D 

Note that l^Ou ^ Ox, '•*C'w„ — Ox„ by Claim EH By taking l^ oi (^, we have an exact 
sequence 

(6) ^ Ox -> 0^„+, ^ 0^„ ^ 

since R^l^:Ou = 0. 

We can regard Ox^+i as a sheaf of A„+i-algebras by the homomorphism An+i — )■ An- We 
can see that Ox„+i is a sheaf of flat A^+i-algebras by the local criterion of flatness (cf. [7] 
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Proposition 2.2) and the exact sequence IQ. Let X^+i := (X, Ox„+i) be the scheme defined 
by the sheaf Ox„+i- Then the morphism X^+i — )■ SpecA^+i is fiat and 

^n+i := {Xn+i -^ SpecA„+i) 
is a hfting of ^„. D 

Remark 2.5. The author does not know whether the above construction of obstruction 
classes works for general A, A' as in Definition 12.11 However Proposition 12.21 reduces the 
study of unobstructedness to the case A = An, A' = An+i- 

2.2. Proof of the theorem. We need the following Lefschetz type theorem. 

Theorem 2.6. ([5J) Let X C P^ be a projective variety of dimension n and L C P^ a 
linear subspace of codimension d <n. Assume that X\ (XflL) has only l.c.i. singularities. 
Then the relative homotopy group satisfies 

7ii{X,XnL) =0 {i<n-d). 

In particular, the restriction map H'^{X, C) — )■ H^{X fl L, C) is injective for i < n — d. 

Proof. It is [5] Chapter 3.1. Theorem. D 

By using the obstruction class in Proposition 12. 3^ we can show the following theorem. 

Theorem 2.7. Let X be a Q-Fano 3-fold. Then deformations of X are unobstructed. 

Proof. Let U be the smooth part of X. Note that codimxX \U > 3 and X is Cohen- 
Macaulay since X has only terminal singularities. Hence X and U satisfy the assumption 
of Proposition 12.31 Set k := C 

Let ^n G Defx(^n) be a deformation of X 

fn'. Xn^ Spec An 

and og^ G Ext^(f2^, Cjy) the obstruction class defined in the proof of Proposition 12.31 We 
show that o^„ = in the following. 

Let ujx be the dualizing sheaf on X. By taking the tensor product of the sequence (jl]) 
with the relative dualizing sheaf ww„/SpecA„ of fu,^, we have an exact sequence 

(7) -^ CUf/ -^ /w„(^SpecA„+i/fc|spocA„) ® Ww„/SpccA„ 

By taking l^ of the above sequence, we get a sequence 

(8) -^ Wx -^ '•*(/w„^SpecA„+i/fc|specA„ ® Ww„/SpecA„) 

-^ '^*i^Un/k ® ^U„/SpccAn) -^ ^*(^W„/SpecA„ ® Wz^„/SpccA„) "^ 0. 

This sequence is exact by the following claim. 
Claim 2.8. (i) Rh.uu = 0. 

(ii) RhMuMpecA„/k^^U„/SpecAj = 0. 

Proof of Claim, (i) Let p G X \ f/ be a singular point and Up a small affine neighbourhood 
at p. It is enough to show that Hp{Up,UUp) = 0. Let iTp: Vp ^ Up he the index 1 cover of 
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Up. Then we have {7Cp)*Oy^ ^ ffi[=o ^'[/^(i-ft'c/p) where r is the index of the singularity p E X. 
Hence 

r-l 

where q := TT^^{p). L.H.S. is zero by the same argument as in Claim l274l since depth.gOvp,q = 
3. Hence we proved the first claim. 

(ii) Let f{n,p}'- ^(n,p) -^ SpecA„ be the deformation of Up induced from /„. It is enough to 
show that 

Set u),, /. := L^u?J ,. , where W/' „\ := Utnv) \ \p}- We can take an index 1 cover 

(t>{n,p)-- V(„,p) -> W(„,p) which is determined by an isomorphism w^^^^^/^^ ^ ^W(n,p)' where r^ 
is the Gorenstein index of Up. Set g{n,p) '■= f{n,p) ° 0(n,p)- Note that 

r-l 

(0(n,p))*(5'(*n,p)^SpecA„/A:) — ^ /(*n,p)^Spec A„/fc ® ^i^(,^_pj/A„ ' 

1=0 

We can see that H^{l((n,p), fln,ppSpecA„/k ® ^W(„.p)/A„) is a direct summand of 

Hq{V(^n,p),9{n,p)^SpccA„/k) - Hq{V(^n-l,p), Ov^„_,p^) 

and this is zero by Claim ITW ii). 

D 

We define o^^ G Ext^(i*(fi{; ® cut/), wx) to be the element corresponding to the sequence 
([H]). Let r2: Ext^(i^,(fi^ ® w;/),^^) — ^ Ext^(f2^ ui[,uu) be the natural restriction map 
and T: Ext^(r2^ 0uju,uju) — )■ Ext^(f2^, Cf/) be the map induced by tensoring u^^. Then 
we have 

nr2{ol)) = o^„. 

Hence it is enough to show that Ext^(t=i,(r2^ ® uju),ujx) = 0. By the Serre duality, we have 
Ext'^{L^{Qlj (g)Uu),u}x)* - H^{X,l^{Vl\j ®oju)), where * is the dual. 
In the following, we show that 

Let m be a positive integer such that —mKx is very ample and \—mKx\ contains a 
smooth member D^ which is disjoint with the singular points of X. Let 7?^: Y^ '.= 
SpecQ)^^Ox{iKx) — )■ X be a cyclic cover determined by D^. Note that Y^ has only 
terminal Gorenstein singularities. There is an exact sequence 

and it induces an exact sequence 

H\X, uxIdJ ^ H\X, l,{QIj ® uu)) ^ H\X, .,(n^(logD™) ® uu)). 
We have H'^{X,ux\d„,) = since —Kx is ample. Therefore, it is enough to show that 

H\X, L,{nlj(log Dm) ® cou)) = 0. 
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Put D' := 7r^^(Dm) which satisfies that D' ~ D^ and ir^Dm = 


= mD'. 


By using the 


isomorphism 







m— 1 

(vr^), {Ql.JlogD'){-D')) ^ ., {QljilogDj ® Ou ((^ + 1) i^t/)) , 

we can see that H^{X, L^{fllj{\ogDm) ® i^t/)) is a direct summand of 

H\Y^,nl.J\ogD'){-D')). 

We can show that 

H\Y^,nl.J\ogD')i-D')) = 
as follows. There is an exact sequence 

^ n'yJ\ogD'){-D') ^ fi^^ ^ fil,, ^ 
and it induces an exact sequence 

H\D',n\,,) ^ H\Yrn,n'yJ\ogD')i-D')) ^ H\Y^,nl.J A H\D',n],,). 
We can see that H^{D', Or,') = since Dm — D' and we have an exact sequence 

^ Oxi-Dm) ^Ox^ Od„, -^ 0. 

This and the Hodge symmetry imply H^[D' ,Vt\),) = 0. Hence it is enough to show that /3 
is injective. We use the following commutative diagram 

H\Ym, nl-j — ^ — > H\D', n],,) 

H\Ym, 0*y) ® C ^^ H\D', Oh>) ® C 



/3i 

2/ 



2 



H\Ym, C) > H\D', C). 

We can see that 6 is injective by Theorem 12.61 since Ym has only l.c.i. singularities. Note 
that /3i is an isomorphism since if*(Fm, C'y^) = for i = 1,2. Hence 6 o I3i = /32 o 7 is 
injective. This implies that 7 is injective. We can show that is surjective by an argument 
which is similar to that in [17] (2.2). Note that ip is injective since D' is a smooth surface 
and H^{D', Or,/) = 0. Hence ipo'y = l3o(f)is injective. Therefore /3 is injective. 

Hence we proved og„ = 0. It is enough for unobstructedness by Proposition 12.21 since X 
is a projective variety and has a semi-universal deformation space. D 

Remark 2.9. For a Fano 3-fold X with canonical singularities, its Kuranishi space Def(X) 
is not smooth in general. For example, let X be a cone over the del Pezzo surface of degree 
6. Then X has 2 different smoothings. 

Next, we study deformations of a Q-Fano 3-fold with its pluri-anticanonical element. 

Theorem 2.10. Let X be a Q-Fano 3-fold and m a positive integer. Assume that \—mKx\ 
contains an element D. Let Def (X, D) and Def (X) be the Kuranishi space of the pair {X, D) 
and the Kuranishi space of X respectively. 

Then the forgetting map Def (X, D) — )■ Def (X) is a smooth morphism. In particular, the 
deformations of the pair (X, D) are unobstructed. 



10 TARO SANO 

Proof. Set k := C Let A be an Artin local fc-algebra, e = {0^k^A-^A^O)a small 
extension and C •= (/• i^,'^) -^ SpecA) a flat deformation of the pair {X,D). Assume 
that we have a lifting X — > Spec A oi f : X ^ Spec A. It is enough to show that there exists 
a lifting V G X oi V G X. Let Md/x be the normal sheaf oi D G X. Since an obstruction 
to the existence of such a hfting lies in H^{D,AfD/x), it is enough to show that 

H\D,Afn/x) = 0. 

There is an exact sequence 

O^Ox^ Ox{D) -^ Md/x ^ 

and this induces an exact sequence 

H\X,Ox{D)) ^ H\D,Md/x) ^ H\X,Ox). 

The L.H.S and R.H.S. are zero by the Kodaira vanishing theorem. Hence we have H^{D, Md/x) = 
0. D 

3. A Q-SMOOTHING OF A Q-FaNO 3-FOLD: THE ORDINARY CASE 

3.1. Stratification on the Kuranishi space of a singularity. First, we recall a stratifi- 
cation on the Kuranishi space of an isolated singularity introduced in the proof of Theorem 

2.4 \19\. 

Let l^ be a Stein space with an isolated hypersurface singularity p G V. Then we have 
its semi-universal deformation space Def(l^) and the semi- universal family V — )■ Def(\^). It 
has a stratification into Zariski locally closed and smooth subsets Sk G Def(V^) for A; > 
with the following properties; 

. Def (l^) = n,>o5fc. 

• 5*0 is a non-empty Zariski open subset of Def (l^) and V is smooth over 5*0. 

• Sk are of pure codimension in Dei{V) for all /c > and codimDef(y) S^ < codimDef(y) S^+i- 

• li k> I, then S^ n S^ = 0. 

• V has a simultaneous resolution on each Sk, that is, there is a resolution of VxDef{v)5'fc 
which is smooth over Sk- 

3.2. A useful homomorphism between cohomology groups. Let us explain the ho- 
momorphism which we need for finding Q-smoothings. Let p G U he a 3-dimensional Stein 
neighbourhood of a terminal singularity p of index r. Fix a positive integer m such that 
r\m. Let 

m—l 

nu-V := Spec 0{iKu) ^ U 

i=0 

be a finite morphism defined by the isomorphism Ou{rKu) ~ Ou- Note that V^ is a 
disjoint union of several copies of the index 1 cover of U . Let G := 'L/niL be the Galois 
group of -Ku- Set Q := 7r^^(p). Let vy'-V -^ V^ be a G-equivariant good resolution, 
Fy '■= T^y^iQ) = Exc(z/y) its exceptional locus which has normal crossing support and 
U := V/G its quotient. So we have a diagram 
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(9) V^^U 




f^u 



Let J^^^ be the Z„-invariant part of {^u)*{%(}ogFv){-Fv - u*yKv)). Set V := V \ Q. 
We have a coboundary map of the local cohomology group 

TV-. H\V',Ql,^Uy}) ^ H'^^{V,Ql{logFv){-Fv - VyKv)). 

Its G-invariant part is 

where U' := U \ {p} is the punctured neighbourhood and Eu C U is the exceptional locus 

oi i^u- 

If (^{/ is nonzero, it is useful for finding a good deformation direction. The following is a 
treatable case. 

Proposition 3.1. Let p & U be a Stein neighbourhood as above such that V is not smooth. 
Assume that p & U is ordinary, that is, the defining equation of V is G-invariant ([13] 
Definition 2.5(2)). Then (pu 7^ 0. 

Proof. By [19j Theorem 1.1, Kerry C H^{V',Vly,0ujy}) is a proper Oy^g-submodule. There 
exists a G-invariant good direction ([13, Definition 2.3]) 

r]eH\V',Q^y,®Uy})\KeTTv 

by Corollary 2.6 in [13]. Then we have the corresponding element r] E H^{U', 0,fj, (8> (^1}}) \ 
Kercpu- □ 

3.3. Proof of the theorem. We can find good first order deformations as follows. 

Theorem 3.2. Let X be a Q-Fano 3-fold. 

Then X has a deformation f : X ^ A^ over an unit disc such that the singularities on 
Xt for t 7^ satisfy the following condition; 

Let pt E Xt be a singular point and Up^ its Stein neighbourhood. Then (pu^^ = 0, where 
<Pup^ is the homomorphism defined in Section 13. 2[ 

Proof. Let pi, . . . ,pi G X be non-rigid singular points of X such that pi, . . . ,pi' for some 
/' < / are the points which satisfy 

for i = 1, . . . , /', where Ui is a small Stein neighbourhood of Pi. 

Let m be a sufficiently large integer such that —mKx is very ample and | —mKx \ contains 
a smooth member D^ such that D^ H SingX = 0. Let 

m—l 

71 : Y := Spec^ OxiiKx) -^ X 

j=0 

be a cyclic cover determined by Dm- There exists a good Z^-equivariant resolution ([T]) 
z/: F — )■ F which induces an isomorphism u'^iY \ vr^^jpi, . . . ,pi}) -^ Y \ 7r~^{pi, . . . ,pi} 
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and a birational morphism fi: X 
diagram; 

(10) 
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Y jTLm — )■ X. These induce the following cartesian 



Y ^X. 

Let TTj: Vi := T[^^{Ui) — )■ f/j and i/j: Vi := //^-"^(Vi) — )■ Vj be morphisms induced by the 

morphisms in the above diagram. Put f/j := Vi/Z^. Then we get the following cartesian 
diagram; 



11^ 



Vi 



■^Ui 



Mi 



Vi ^^ f/,. 

Put F ■= Exc(z/),E := Exc(/i),D' := -R-^iD^) and L' := Cy(D') = Oviii^-Kx)). 
Note that F has normal crossing support since v is good. Also put Fi := Exc(z^j) and 
Ei := Exc{fii). Let J^^'^^ be the Z„-invariant part of ti ^{Q^ (log F){-F) (g) u*L'). Let f/ be 

the smooth part of X. Note that J^(°V ~ fi^®w^^ Set j;^°^ := J^^^^lo^ and f// := f/i\{j9i}. 

Note that J^^°Vi - ^?/' ® ^u'- 

We have the following commutative diagram; 



(12) 






®A 



t,i7|rx,^W) — >if2(x,^w) 



i=iHl{Ui, J^i 



(0)^ 



We identify H]^,{X,J-'^^') and H'^,(Ui,J-'^ ) by the natural homomorphism induced by re- 
striction. Note that J-'j ^ J^jj^ where J^jj is the sheaf defined in Section [3^ Hence 0j is 
0[/. in Section [3^ 

Let Tjr,Ty ,TIj, be the tangent spaces of Def(X), Def(Vi), Def(f/j) respectively. By [26] 
§1 Theorem 2 or the proof of Proposition 12.31 in this paper, we can see that the first order 
deformations of Vi, Ui are bijective to those of the smooth part V^, U[. Similarly we can see 
the same correspondence for X. So we have 

T^^ ^ H\v:, Gv/) ^ H\v:, n'y, ® CO-}' 

tIj^ ^ H\ui Qui) ^ H\u[, nl, ^^^,j, 

where Qjj, Qy', ©c/' are the tangent sheaves of U, V-, U- respectively. Hence pu. is regarded 
as the restriction homomorphism T^ — )■ T^ . 

Since it is finite, H'^{X,J-'^^^) is a direct summand of 



V.' )' 



H\Y,nU\ogF){-F)(^u*L' 
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and this is zero by the vanishing theorem by Guillen-Navarro Aznar-Puerta-Steenbrink ( [20] 
Theorem 7.30 (a)). Hence Q)ipi is surjective. 

By the assumption that 0j 7^ for z = 1, . . . , /', there exists r/j G H^(Ul, fi?,, ®a;,"T,^)\Ker 0j. 

i i 

By the surjectivity of ®ipi^ there exists tj G H^{U, flfj (^u^^) such that ipi{ri) = (pi{rii). Then 
we have puXv) ^ Ker(0j). 

Since Vi has only rational singularities, the birational morphism z/j : V^ — )■ Vi induces a mor- 
phism Def(V^) — )■ Def(l^) of their Kuranishi spaces and the homomorphism H^iVi, By) — )■ 
H^iyi^ ©v) oil their tangent spaces. This homomorphism can be rewritten as 

and this is a homomorphism induced by an open immersion V"/ "— )■ V^. Note that infinites- 
imal deformations of f/j come from Z^-equivariant deformations of Vi and H^{U-,Qu') ~ 

Note that 0, is the Z^-invariant part of the homomorphism 

r,: H\v:,n'y,®ojy}) ^ i7|^(y„ fi|(logF,)(-F, - z/^i^vj). 

Claim 3.3. Im(z/j)* C Kerrj. 
Proof of Claim. We can write 

mi 

Ky = u*Kv,+^aijFij, 
i=i 

where Fi = |J"!!^ -Fij is the irreducible decomposition and aij > 1 are some integers for 
j = 1, . . . , r/ij since Vi is terminal Gorenstein. We can define a homomorphism 

a,: H\Vi,nl^®io^^) -^ H\V,n\{\ogFi){-Fi - iy*KvJ) 

as a composite of the following homomorphisms; 

rrii 

(13) a,: H\V,n\®oj^^) = H\V,nl^i-J2a,,,F,,, - iy*KvJ) 

j=i 

rrii 

^ H\V,nl^ilogF,){-J^a,,,F,,, - u:KvJ) -> H\V,n\i\ogF,)i-F,, - z/*Ky)) 

i=i 
since ajj > 1. 

Note that Kerxj = Impj, where we put 

Pi-. H\V,n\{\ogFi){-Fi - ulKv,)) ^ H\Vinl,®ujy}). 
We can see that (z/j)* factors as 

[ui],: H\Vi,n\®uj^l) 4 H\V,n\{\ogFi){-Fi - u^KyJ) 4 H\v: , n^, ^ Uy}) . 
Hence KerXj = Inipj D Im(z/j)*. D 

Hence we get PUiiv) ^ Iiii('^j)*- Let Tj be the Gorenstein index of the singular point Pi 

and vrri(pi) =: {g^i, . . . , q^^^^} , where /c(z) := ^. Let 

T/. ._ tt'^(*)t/. . 
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be the decomposition into the connected components of Vi. Fix a stratification on each 
Def(Vij) for j = 1, . . . , k{i) as in Section ISTTl Let g: X —> A^ he a. small deformation of X 
over a disc determined by 77 G H^{U,Qu)- This determines a holomorphic map yjj : A^ — )■ 
Def([/j). By considering the index 1 cover, we can see that ipi induces a holomorphic map 
iPi^i'. A^ — )■ Def(Vi^i). Let Si^k be the minimal stratum of Def(V^_i). Then the image of y^ji 
is not contained in Si^k- and, for general t e A^, we have <^j,i(t) G Si^k' for some /c' < k. 
We can continue this process as long as (/)j 7^ and reach a Q-Fano 3-fold with the required 
property. D 

Proposition 13.11 and Theorem 13.21 imply the following. 

Corollary 3.4. Let X be a Q-Fano 3-fold with only ordinary terminal singularities. Then 
X has a Q-smoothing. 

Proof. By Proposition 13. ![ we can continue the process in the proof of Theorem 13.21 unt il we 
get a Q-smoothing since deformations of ordinary terminal singularities are ordinary. D 

Remark 3.5. The author does not know (pu is zero or not when U is a. Stein neighbourhood 
of an exceptional terminal singularity. If we can prove 0(7 7^ in that case, it implies 
Conjecture 11.51 by the above proof of Theorem 13.21 

Remark 3.6. There is an example of a weak Fano 3-fold which does not have a smoothing. 
It is written in [Tlj Example 3.7]. 

4. A Q-SMOOTHING OF A Q-FANO 3-FOLD WITH A Du VAL ELEPHANT 

4.1. Existence of an essential resolution of a pair. We need a resolution of a 3- 
dimensional hypersurface singularity and its divisor with good properties as follows. 

Proposition 4.1. Let Y be a 3-dimensional variety with only hypersurface singularities 
over an algebraically closed field k of characteristic 0. Let D G Y be a reduced Cartier 
divisor. Then the following statements hold. 

There exists a functorial resolution of singularities f : X -^ Y of the pair (Y, D) which is 
a composite of blow-ups along smooth centers such that integers a-j in the equality 

(14) {{Kx + D)- riKy + D))\u^ = J2 ^jE,\u^ 

satisfies Qj < for some open neighbourhood Ufj G X of D and D is smooth, where D G X 
is the strict transform of D and Ej G X are irreducible f -exceptional divisors. 
IfY is smooth, we can take Ufj = X. 

Remark 4.2. If we restrict the relation f lT4|) to D, we see that f^Kn — Kjy is an effective 
divisor supported on Exc/^ where fo'- D — )• D \s induced by /. Such a resolution is 
called an essentia/ resolution of singularities in [H] Definition 3.5 although we do not assume 
goodness of resolution. 

Proof. We can assume that Y G W is a, closed affine variety defined by some function 
h e H'^iyV., Ow) in some smooth affine 4- fold W and there exists a divisor A G W such that 
D = AnY. Same proof in the following works for general Y and D. 
There exists a smooth surface A^ and a functorial resolution 

/a, : A„ "^^ Am-i ^ . . . ^ A2 4 Ai := D 
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of D, where Aj are singular for z = 1, . . . , m — 1 and /ij : A,j+i — t- Aj is a blow-up of a smooth 
subvariety Zi C Sing A j (cf. [8]). Let 

/n : ^m — > ^m-i —)•■■•—> 1^2 -^ ^1 := ^, 

be birational morphisms, where z/j: F^+i — )• Yi,pi: W^i+i — t- Wj are blow-ups of Zi. Let 
Gj C Wm and i^j C Y^ be the strict transforms of p~[^{Zi) and u~^{Zi) respectively. Let 
fwi '■ Wm — >■ Wi, /y. : y^ — ^ ^i be composites of the above blow-ups. 

Let Ai C Wi be the strict transform of A. Note that Ym is smooth around A^ since A^ 
is a smooth Cartier divisor. 

Then we can write 

(15) Ky^ +Am = fy, {Ky, + A,) + F 

for some divisor F supported in Exc fy^ . 
Claim 4.3. —F is effective. 
Proof of Claim. We can write 

m— 1 

(16) Ky^ + A,„ - f^^{Ky, +A,) = J2 fr.jKy^^^ + A.+1 - u:{Ky^ + A,)) 

j=l 

and Ky.^-^ + Aj+i — u*{Ky. + Ai) = Fi, where Fi is a divisor on Fj+i supported on Exc Ui. It 
is enough to show that —Fi is effective. 

First we consider the case where Yi is smooth around Zi. We can see that the coefficient 
b, of ur\Z,) in Ky^^^ + A.+i - u*{Ky^ + A,) is 

bi = codimy. Zi — 1 — mult^. Aj. 

We see that bi < since Zi C Sing Aj implies that mult^^ A, > 2. Hence —Fi is effective. 
Next consider the case where Yi has a singularity on Z^. We see that 

iKw,+, + A+i + Y,+^ - p*{Kw^ + Ai + Yi})\y^_^, = Ky^^, + A,+i - U*{Ky^ + A,) 

and that the coefficient of p^^{Zi) in 

Kw,+, + A+i + Yi+i - p*iKw, + A + Yi) 

is 

codimy^ Zi — mult^^ Ai — mult^. Fj 

and this is non-positive since mult^i Fj > 2 if dim Zi = 0. Hence we see that —Fi is effective. 

D 

If Y is smooth, then Y^ is smooth and we are done. Note that we do not need to take 
an open neighbourhood Ufj in this case. 

If Y is not smooth, then Ym is smooth around Am- Hence we get a required birational 
morphism by blowing up smooth centres outside A^. D 



16 



TARO SANO 



4.2. Classification of 3-dimensional terminal singularities. Let {p G f/) be a germ of 
a 3-diniensional terminal singularity. By Reid's result [25j, {U,p) is locally isomorphic to 

e (/ = o)/z, c C7z„ 

where Z^ acts on C^ diagonally and / e C[x,y,z,u] and x,y,z,u are Zj,-semi-invariant 
functions on C^. By the list in ^25j (6.4), we have a Zr-semi-invariant function h G C[x, y, z, u] 
such that 

Df,:={f = h = 0)/Z, C (/ = 0)/Z, =: t/; 

has only a Du Val singularity at the origin and Dh G 

4.3. Proof of the theorem. 



-K, 



Uf\ 



Proof of Theorem \1.9[ By Corollary 13. 4[ we can assume that the singularities on X are 
non ordinary terminal singularities. Let m be a positive integer such that —mKx is very 
ample and \—mKx\ contains a smooth element Dm which satisfies Dm H SingD = and 
intersects transversely with D. Let n: Y := Spec(B^^Ox{iKx) — )• X be a cyclic cover 
determined by Dm- Note that Y is terminal Gorenstein. Put {pi, . . . ,pi} := SingD. Note 
that SingX C SingD since all the singularities on X are non-Gorenstein. Also note that 
G := Gal(y/X) ~ Zm acts on Y and A := 7r~^(Z}) is G-invariant. 

Let Ui be a sufficiently small affine neighbourhood of pj such that f/j \ {pi} is smooth and 
Kvi = 0, where Vi := 7r~^(f/j). Let ttj : V^ — )■ [/j be the morphism induced by vr. 

By Proposition 14. ![ we can take a Zm-equivariant resolution u: Y -^ Y oi Y such that 



t^\u-^Y\SmgA) is an isomorphism, A := 



-1^ 



[ly 



i^IKa 



A is smooth and 
= K, 



^A' 



where i^a : A — ?■ A is induced by u. Then we have the following diagram; 



(17) 



Y 



Y 



^X 



^X. 



We also have the following diagram induced by the above diagram; 

(18) V, -^ U, 



n 



i^i 



^Ui. 



Put F := Exc(z/) C F, Fi := Exc(z/i), E := Exc(;u) and Ei := Exc{fii). Put A^ := (z/r^)*Ai 



where Aj := A n Vj. 

Let J-'^^^ be the Z^-invariant part of 7f*f2?>(log A) and set J-'^ 

X \ SingD. Note that J^(°V ~ nfj{\ogDu), where Du := D n U. 
Hence we have the following diagram; 



(0) 



J^(°)|^. Set U :-- 



(19) 



H\U,%{\ogDu)) 



©»/'» 



eft 



eU HliX, ^(°r-^^ f^2(X, ^W) 



(BPu, 



(0)^ 



e:=i ^Hf//, fi^^,(iog A')) -^ e:=i mu^, j^n 
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where U^ ■=Ui\ {pi} and D[:= Dr]U[. We see that 

H\U,nl{\ogDu))^Tl^^oy 

by [in] Theorem 12 , where T}-^ d)^'^(u- d) ^^^ ^^^ ^^^^ "-"^ ^'^^ ^^^^ order deformations of the 
pairs {X,D) and {Ui,Di) respectively. 

Ui'. Vi ^ Vi induces a birational morphism u/^-: A,j — t- Aj. Since A has only rational 
singularities, this induces a morphism Def (Aj) — )■ Def (Aj) between the Kuranishi spaces of 
Aj, Aj respectively ([311). Let T\ ,T^_ be the tangent spaces of Def (Aj), Def (A,) respec- 
tively. Then z/^ induces a linear map (z/a )* : T\ — )■ Tl_. It is well known that (cf. [3] 2.10) 
('^aJ* = 0. By the construction of u, we have 

(20) ^1K^.=K^. 

Let T}y, ^N be the set of first order deformations of the pair (Vi, Aj). Note that 

Tlv.A.) ^ H\v:,Qy.{-\og/\[)) ^ H\v:,Q'y,{logA[){-Ky, - A^)) ^ H\v:,Ql,{logA',)), 

where V^' := Vi \ 7i~^{pi) and A^ := Aj \ 7i~^{pi) since Vj is affine, Ky^ = 0, Aj e |— -f^yj and 
Lemma 1. Also note that 0j is the Z^-invariant part of the coboundary map 



r,: H\v:,nl,{logA[)) ^ H^V,,nl^{logA,)). 
Claim 4.4. p^.{KerTi) C Im(i/Aj* = 0, where we use the forgetting homomorphism 

(21) PA,: H\v:,n'y,i\ogA'^) ^Tly^^^^ ^Tl. 
Proof of Claim. We have the following commutative diagram 

(22) H\V„nU\ogA,)) "- >H\v:,nl.,{logA'^) 



H\Vl,nl,{\ogA[){-Ky,-A',)) 




PA, 



(-A,)* 



by the relation (!20l) . By this diagram, we can see that pAi(Kerrj) = Im(pAi ° «i) C 
Im(z/Aj*. □ 

There exists r/j G Tj'^f^. ^.n which induces a simultaneous Q-smoothing of (f/j,Z^j) by 
the description in Section 14.21 Note that 0j(77j) 7^ by Claim 14.41 To lift 0j(?7j) to 
H^ {U,Vl\j {log Du)), we need the following claim. 



Claim 4.5. /3j o 0j = 0. 
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Proof of Claim. /3j o 0j is the Z^-invariant part of a composite of the homomorphisms 
(23) H\v:,n'y,{\ogA'^) ^ H%{Vi,nl{\ogA,)) 

By considering its dual, it is enough to show that the Zm-invariant part of the homomor- 
phism 

$,: H\Y,nl {log A){- A)) ^ H\v:,n'y,{\ogA'^{-A[)) 

is zero. We show that $j = in the following. 

For a Z-module M, we set M^ := M ® C. Let ^tyM be a sheaf of groups defined by an 
exact sequence 

We have a commutative diagram with two horizontal exact sequences 



> H\Y, Ql^{logA){-A)) yH\Y,Ql) 







H [Y, /C(y A)y 



H\Y,0 



Y' 



-^H\A,nl) 



H\A,0\ 



where the injectivity follows since we see that H^{A,V!X) = and that iJ°(y, (9|,) — )■ 
H^{A, 0*7) is surjective. We see that Sy is an isomorphism and 6^ is injective since we have 
H'^{Y, Oy) = for i = 1, 2 and if ^(A, O^ = 0. Hence we see that e is an isomorphism. 

Set K,(vfA[) '■~ ^(Y,A)\vf- We have a commutative diagram 

H\Y, nli\ogA)i-A))^ H\Y,IC^y^^^)c 

H\Vl, n^y, {log A[){-A[))i ifi(\//,V/,A9)c. 

Hence it is enough to show that $^ = 0. Moreover we have a commutative diagram 



^'(>^,%,A))C^ 



H\Y,0*^)c 



Since z/ is an isomorphism outside Sing A, Claim 1^31 follows from the following claim. 

Claim 4.6. Let r^: Picy — > Pic A be the restriction morphism as above. Then Kerr^ 
iJ^(F, /C/y ^-)) is generated by i/-exceptional divisors. 

Proof of Claim \4-6[ It is enough to show that 

ta: Cir ^ClA 
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is injective. Indeed we have a commutative diagram 

cir^^ciA 

and, if ta is injective, can see that 

Kerr^ C Ker(z/A)* °r^ = KerrA o z/* = Ker z/^, 

and Ker z/^, is generated by z/-exceptional divisors. 

Let m be a sufficiently large integer such that mA is very ample. By [22l Theorem 1], 
there exists a very general smooth element A^ G \mA\ which is disjoint with Sing A and 

r-A^: CIF^CIA^ 

is an isomorphism. Take A G KerrA. Then we have A ■ A = as a rational equivalence 
class of a cycle on Y. Then we have 

A ■ A^ = 

as a rational equivalence class on Y. 

We show that ^| a„i = G CI A^, as follows. It is enough to show that A\^^ is numerically 
trivial on A^ since H^{Am,OA„,) = 0. Let F G ClAm be any element. Since ta^ is an 
isomorphism, there exists F G GIF such that -FIa™ = L. We have 

A\a^-T = {A-A^)-F = 

by the intersection theory. Indeed A ■ Am is a sum of several curves which are regularly 
immersed since A^ H SingF = 0. Hence v4|a„ = G CI A^ and we get A = E ClY since 
C\Y ^ CI Am. Thus we get ta is injective and we get Claim W6[ D 

Hence we see that $^ = 0. D 

By Claim 1121 we have Pi{(t)i{rji)) = 0. Thus there exists t] G H^ {U,Qfj (log D')) such that 
i'iiv) = 4>i{Vi) for each i. Then PaXpuXv) - Vi) ^ PAi(Kerri) C Im(z/Aj* = by Claim 1131 
Hence we have 

(24) PAXPuXv))=PAXVi)- 

By Theorem I2.10[ there exists a deformation / : A" — t- A^ induced by rj and this is a 
Q-smoothing by (^^ since this induces a smoothing of Aj, Vi and induces a deformation of 
Ui to a 3-fold with only quotient singularities. 

D 

Example 4.7. We give an example of a Q-Fano 3-fold X such that |— -ft'xl does not contain 
a Du Val elephant ([21 4.8.3]). 

Let 5*14 C P(2, 2, 3, 7) be the surface defined by a polynomial w"^ = y\y2 — Viz^- Then 
5*14 has an elliptic singularity at [0 : 1 : : 0]. Let X14 C P(l,2,2,3, 7) be suitable 
extension of S'14 by adding several terms including x. Then we see that X14 is terminal 
and |— -ft^xl = {'S'14} with non Du-Val singularity. This {X^D) admits a simultaneous Q- 
smoothing since X is a quasismooth well-formed weighted hypersurface. 
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4.4. Genus bound for primary Q-Fano 3-folds. 

Definition 4.8. Let X be a Q-Fano 3-fold. Let CIX be the quotient of the divisor class 
group CIX by its torsion part. X is called primary if 

Takagi [29] proved the following theorem on the genus bound of certain primary Q-Fano 
3-folds. 

Theorem 4.9. ([29, Theorem 1.5]) Let X be a primary Q-Fano 3-fold with only terminal 
quotient singularities. Assume that X is non-Gorenstein and \—Kx\ contains an element 
with only Du Val singularities. 
Then h%X, -Kx) < 10. 

By combining his result and our results, we get the following genus bound. 

Theorem 4.10. Let X he a primary Q-Fano 3-fold. Assume that X is non-Gorenstein and 
\—Kx\ contains an element with only Du Val singularities. 
Then h%X, -Kx) < 10. 

Proof. By Theorem II. 9 [ there is a deformation X —¥ A^ oi X such that Xf has only quotient 
singularities and |— i^;^J contains an element with only Du Val singularities for t ^ 0. By 
Theorem 5.28 of [12], we have /i°(X, -Kx) = h°{Xt, -Kx,). By Theorem iH we have 



h\X, -Kx) = h\Xt, -Kx,) < 10. 
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